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1. Express the acceleration v̇ of a particle in terms of its velocity and electromagnetic
fields E, B.

Solution. Start with

d~p

dt
= q ~E +

q

c
(~v × ~B)

~p =
m√

1− v2/c2
~v =

Σ

c2
~v

~v =
d~x

dt

Σ =
mc2√

1− v2/c2
.

It is easy to check dΣ
dt

= ~v · d~p
dt

= q ~E · ~v. Now the acceleration ~̇v is

~̇v =
q

m

√
1− v2/c2

[
~E +

1

c
(~v ×B)− 1

c2
~v(~v · ~E)

]
.

2. A particle of mass m and charge q is accelerated by a uniform electric field E from
time t = 0 to T . The initial velocity of the particle is zero, find the velocity of the
particle at T .

Solution. Assume electric field is in x-direction. Particle is initially at rest, so px =
py = pz = 0. Additionally, ṗy = ṗz = 0. For the x-direction, ṗx = qE. So, the
momentum integrates to

px =

∫
ṗxdt = qEt+ C = qEt by initial conditions.

Since particle is initially at rest, E0 = mc2. The energy of the particle evolves as

E =
√
m2c4 + c2(qEt)2

=
√

E2
0 + c2(qEt)2.

Take relativistic momentum into account

px = mc
dU

ds
=

1

c2

(
mc2√

1− v2/c2

)
dx

dt

=⇒ dx

dt

∣∣∣∣
t=T

= v(T ) =
c2px
E0

=
c2qET√

m2c4 + (cqET )2
.
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3. Determine the frequency of vibration of a charged oscillator placed in a constant,
uniform magnetic field. The proper frequency of vibration of the oscillator (in the
absence of the field) is ω0.

Solution. In the absence of a magnetic field, the dynamical equation is

~̈r + ω2
0~r = 0.

If the magnetic field is in the z-direction, the equation above becomes

ẍ+ ω2
0x =

qB

mc
ẏ

ÿ + ω2
0y = −qB

mc
ẋ

z̈ + ω2
0z = 0.

Combine the first two equations into one equation with ζ = x+ iy,

ζ̈ + ω2
0ζ = −iqB

mc
ζ̇.

The frequency of vibration in the x− y plane is

ω =

√
ω2

0 +
1

4

(
qB

mc

)2

± qB

2mc
.

4. Determine the relativistic motion of a charge q in parallel uniform electric and magnetic
fields.

Solution. The magnetic field has no influence on the motion along the direction of ~E
and ~B (in z-direction). So,

z =
Σ

qE
, Σ =

√
Σ2

0 + (cqEt)2.

For the motion in the x− y plane, the equations are

ṗx =
q

c
Bvy

ṗy = −q
c
Bvx.

Combine into one equation

d

dt
(px + ipy) = −iqB

c
(vx + ivy)

= −iqBc
Σ

(px + ipy).

The solution of this equation is

px + ipy = pte
−iφ
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where pt is a constant, φ is given by

dφ =
qBc

Σ
dt

=⇒ ct =
Σ0

qE
sinh

E

B
φ

Now, use the fact that

px =
Σ

c2
ẋ, py =

Σ

c2
ẏ.

to get

pte
−φ =

Σ

c2
(ẋ+ iẏ)

=
Σ

c2

dφ

dt

(
dx

dφ
+ i

dy

dφ

)
=

qB

c

d

dφ
(x+ iy).

The solution of which becomes

x =
cpt
qB

sinφ

y =
cpt
qB

cosφ

z =
Σ0

qE
cosh

E

B
φ.

5. (a) Two charge q particles 1 and 2 with distance d in z-direction of rest frame, find
the acceleration of particle 1 due to the electric field of particle 2.

Solution. Consider the particles are initially at rest. The only direction of interest in
this problem is the z-direction.

Since we are considering the rest frame, consider the non-relativistic momentum ṗz =
mv̇z. The electric force experienced at particle 1 as a result of particle 2 is

mv̇z =
q2

d2

=⇒ v̇z =
q2

md2

(b) If both particles move in z-direction with high speed γ = 1/
√

1− v2/c2, find the
acceleration of particle 1 due to the electromagnetic field of particle 2.

Solution. In frame, in which both particles move with high speed γ = 1/
√

1− v2/c2

in z-direction. Since electric and magnetic fields in the z-direction

E‖ = E ′‖, B‖ = B′‖.
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The force on the particle 2 on particle 1 is

ẑ · ~F = q ~E · ẑ = q ~E ′ · ẑ = ẑ · ~F ′.

From the solution of problem (1), with~̇v is in the z-direction.

~̇v =
q

m

√
1− v2/c2

[
~E +

1

c
(~v ×B)− 1

c2
~v(~v · ~E)

]
=

q

m

(
1− v2

c2

)3/2

~E · ẑ

=

(
1− v2

c2

)3/2

~a′.

6. The Lagrangian of a relativistic charged particle of mass m and charge q is

L = −mc2
√

1− v2/c2 +
q

c
A · v.

Assuming magnetic field is given by a magnetic dipole pm along the polar axis, the
vector potential is A = pm sin θ

r2
eφ where θ is the polar angle, and φ the azimuthal angle.

(a) Express the canonical momentum pφ conjugate to φ in their coordinates and their
derivatives.

Solution. Since the force is purely magnetic, if I consider that the initial velocities,
ṙ, θ̇ = 0, and the initial positions r, θ = C, then r, θ = C for all time. The Lagrangian
can be written as

L = −mc2

√
1− φ̇2/c2 +

pm sin θ

r2
φ̇.

The momentum can be written as

pφ =
∂L

∂φ̇

= − φ̇mc2√
1− φ̇2/c2

+
pm sin θ

r2
.

Use the following relationships

E =
mc2√

1− φ̇2/c2

φ̇ =
c2pφ
E

.

The result becomes

pφ =
pm sin θ

2r2
.
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(b) Show that the momentum pφ is a constant of the motion.

Solution. Since the derivatives ṙ, θ̇ = 0,

ṗφ =
d

dt

(
pm sin θ

2r2

)
= 0

which shows that pφ = C, some constant, for all time. So, pφ is a constant of the
motion.
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